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Let J =
⎡
⎣ 0 I
−I 0
⎤
⎦ ∈ M2n(C). Let 0 = u ∈ C2n be given. A J-House-
holder matrix corresponding to u is Hu ≡ I − uuT J. We show that
every symplectic matrix is a product of J-Householder matrices. We
present properties of J-Householder matrices, and we also present
the possible Jordan Canonical Forms of products of two J-House-
holder matrices.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Our notation is standard as in [3]. We letMn(C) be the set of all n-by-nmatrices with entries inC.
Let In be the identity matrix. Set
J2n ≡
⎡
⎣ 0 In
−In 0
⎤
⎦ ∈ M2n(C).
When the context is clear, we drop the subscript. An A ∈ M2n(C) is called J-symmetric (or skew-Hamil-
tonian) if J−1AT J = A; it is called J-orthogonal (or symplectic) if J−1AT J = A−1. The set of J-orthogonal
matrices forms a group under multiplication. If A and B are J-symmetric matrices, then for every
α, β ∈ C and for every positive integersm and k, the matrix αAm + βBk is J-symmetric. In particular,
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if A is J-symmetric and if p(x) is a polynomial, then p(A) is J-symmetric. Hence, it is not surprising
that every nonsingular A ∈ M2n(C) can be written as A = QS, where Q is J-orthogonal and S is
J-symmetric [4, Theorem 18]. As a consequence, two J-symmetric matrices are similar if and only if
they are similar via a J-orthogonal matrix. Moreover, two J-orthogonal matrices are similar if and only
if they are similar via a J-orthogonal matrix.
Let A =
⎡
⎣ A1 A2
A3 A4
⎤
⎦ ∈ M2n(C) and let B =
⎡
⎣ B1 B2
B3 B4
⎤
⎦ ∈ M2m(C) be given, with A1 ∈ Mn(C) and
B1 ∈ Mm(C). The expanding sum of A and B is A  B =
⎡
⎣ A1 ⊕ B1 A2 ⊕ B2
A3 ⊕ B3 A4 ⊕ B4
⎤
⎦ ∈ M2(n+m)(C). One
checks that if A is J2n-symmetric and if B is J2m-symmetric, then A  B is J2(n+m)-symmetric; if A is
J2n-orthogonal and if B is J2m-orthogonal, then A B is J2(n+m)-orthogonal.
Let A ∈ M2n(C) be symplectic. Then A can be written as a product of elementary symplectic
operation matrices [6, Theorem 7]. A Type AI symplectic operation matrix has the form
AI := (Ik−1 ⊕ [c] ⊕ In−k) ⊕ (Ik−1 ⊕ [c−1] ⊕ In−k),
where c = 0 and k ∈ {1, . . . , n}. A Type AII symplectic operation matrix has the form
AII := (In + cEkl) ⊕ (In − cElk),
where c = 0 and k, l ∈ {1, . . . , n} with k = l. A Type AIII symplectic operation matrix has the form
AIII := (In − Ekk − Ell + Ekl + Elk) ⊕ (In − Ekk − Ell + Ekl + Elk),
where k, l ∈ {1, . . . , n} with k < l. A Type B symplectic operation matrix has the form
B(k) :=
⎡
⎢⎣
Ik−1 ⊕ [0] ⊕ In−k 0k−1 ⊕ [1] ⊕ 0n−k
0k−1 ⊕ [−1] ⊕ 0n−k Ik−1 ⊕ [0] ⊕ In−k
⎤
⎥⎦ ,
where k ∈ {1, . . . , n}. A Type C1 symplectic operation matrix has the form
C1(a, k, l) :=
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
⎡
⎢⎣In a(E(k−n)l + El(k−n))
0 In
⎤
⎥⎦ if k − l = n,
⎡
⎢⎣In aEll
0 In
⎤
⎥⎦ if k − l = n,
where a = 0, k ∈ {n+ 1, . . . , 2n}, and l ∈ {1, . . . , n}. Finally, a Type C2 symplectic operationmatrix
has the form
C2(a, k, l) :=
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
⎡
⎢⎣ In 0
a(E(k−n)l + El(k−n)) In
⎤
⎥⎦ if k − l = n,
⎡
⎢⎣ In 0
aEll In
⎤
⎥⎦ if k − l = n,
where a = 0, k ∈ {n + 1, . . . , 2n}, and l ∈ {1, . . . , n}.
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Definition 1. Let 0 = u ∈ C2n be given. The J-Householder matrix corresponding to u is
Hu ≡ I2n − uuT J2n.
We denote by Bk(λ) the k-by-k upper triangular Jordan block corresponding to the eigenvalue λ.
Notice thatH2u = I. This is one of the differences between the regular Householdermatrices and the
J-Householdermatrices. Now,Hu−I has rank1, and (Hu−I)2 = 0.Hence,Hu is similar to I2n−2⊕B2(1).
In particular, Hu is nonsingular. One checks that B2(1) is J2-orthogonal, so that I2n−2  B2(1) is J2n-
orthogonal.
We show that every symplectic matrix can be written as a product of J-Householder matrices by
showing that every symplectic operationmatrix canbewritten as a product of J-Householdermatrices.
For a geometric interpretation of J-Householder matrices, see [1,2].
2. Properties of J-Householder matrices
Let 0 = u ∈ C2n be given. A direct calculation shows that
HTu JHu = J − JuuT J − JTuuT J + ( JTuuT )JuuT J.
Notice that J is skew-symmetric so that uT Ju = 0 and that JT = −J. Hence, HTu JHu = J and Hu is
J-orthogonal.
Now,Hiu = I+uuT J = H−1u . Compute:HTu = I−JTuuT = I+(JTu)(JTu)T J = HiJT u. Also, notice that
H−u = Hu and that Hu = Hu. Hence, H∗u = H−iJT u = HiJT u. Note that (uuT J)2 = 0 so that (uuT J)k = 0
for every integer k  2. It follows that Hku = I − kuuT J for every integer k  1.
Let P ∈ M2n(C) be symplectic, so that PT JP = J. Then PT J = JP−1. Now, PHuP−1 = I−PuuT JP−1 =
I − PuuTPT J = HPu. Notice that for every 0 = α ∈ C, we have Hαuu = u. Finally, if 0 = α, β ∈ C,
then HαuHβu = Hδu, where δ =
√
α2 + β2 (either square root).
Lemma 2. Let 0 = u ∈ C2n be given. Then
1. Hu is J-orthogonal.
2. Hu is nonsingular and H
−1
u = Hiu.
3. HTu = HiJT u, Hu = Hu, and H∗u = HiJT u.
4. For every integer k  1, we have Hku = H√ku.
5. If P ∈ M2n(C) is symplectic, then PHuP−1 = HPu.
6. For every 0 = α ∈ C, we have Hαuu = u.
7. If 0 = α, β ∈ C, then HαuHβu = Hδu, where δ =
√
α2 + β2 (either square root).
Because det(Hu) = 1, we also have det(HuH∗u) = 1. Now, HuH∗u − I = Hu(H∗u − Hiu). Notice that
H∗u − Hiu = Juu∗ − uuT J has rank at most 2. Hence, HuH∗u has eigenvalue 1 of multiplicity at least
2n − 2. Let α and β be the other eigenvalues. Then we have αβ = 1, and both α and β are positive. A
direct calculation shows that HuH
∗
u = I − uuT J + Juu∗ + ||u||22 uu∗. Taking the trace of both sides of
the equation, we get 2n − 2 + α + 1
α
= 2n + ||u||42. Notice that α = 1, otherwise, we have u = 0.
Setting γ ≡ ||u||42 + 2, we have α = γ±
√
γ 2−4
2
.
Proposition 3. Let 0 = u ∈ C2n be given:
1. Hu is similar to I2n−2 ⊕ B2(1), and Hu is symplectically similar to I2n−2  B2(1).
2. The singular values of Hu are 1 of multiplicity 2n − 2 and
√
γ±
√
γ 2−4
2
where γ = ‖u‖42 + 2.
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Let k and n be given positive integers. Let 0 = v = [vT1 vT2]T ∈ C2k , with v1 ∈ Ck; and let
0 = w = [wT1 wT2]T ∈ C2n, with w1 ∈ Cn. Set z = [vT1 wT1 vT2 wT2]T . In general, Hv  Hw = Hz .
However, when v = 0, we have I2k  Hw = Hz , and when w = 0, we have Hv  I2n = Hz .
Let e = [1 0]T . One checks that B2(1) = Hie, so that B2(13) is a J-Householder matrix. Hence, for
every positive integer n, we have I2n  B2(1) is a J-Householder matrix.
Let A, B ∈ M2n(C) and let C,D ∈ M2k be given. One checks that (A C) (B D) = (AB) (CD).
3. Product of two J-Householder matrices
Let Q ∈ M2n(C) be symplectic. Suppose that Q can be written as a product of m J-Householder
matrices. Then Lemma 2 (4) guarantees thatQ can bewritten as a product of t J-Householdermatrices,
for every integer t  m.
Consider A = −I2. Notice that A is not a J2-Householder matrix since A − I2 is nonsingular. Can A
be written as a product of two J-Householder matrices? Suppose that −I2 = HuHv for some nonzero
u, v ∈ C2. Then,−Hiu = Hv and−u = −Hiuu = Hvu. Hence,−1 is an eigenvalue ofHv, contradicting
Proposition 3 (1).
Let n be a positive integer. Set C ≡ I2n −I2.
Notice thatC is not a J2n+2-Householder sinceC−I2n+2 has rank2. Suppose thatC = HuHv for some
nonzero u = [ui] and v = [vi] ∈ C2n+2. ThenHiuC = Hv. Looking at the (n+1, n+1), (n+1, 2n+2),
(2n + 2, n + 1), and (2n + 2, 2n + 2) entries, we have −Hiw = Hz , where w = [un+1 u2n+2]T
and z = [vn+1 v2n+2]T . Hence, −I2 = HzHw is a product of at most two J-Householder matrices, a
contradiction.
Let Q ∈ M2n+2(C) be symplectic and similar to C. Then Q is symplectically similar to C, so that Q
cannot be written as a product of at most two J-Householder matrices.
Theorem 4. Let n be a nonnegative integer. Let Q ∈ M2n+2(C) be a symplectic matrix. If Q is similar to
I2n  −I2, then Q can be written as a product of three (or more) J-Householder matrices, but cannot be
written with less.
Proof. One checks that B2(1)B2(−1) = −I2. We know that B2(1) = Hie, where e = [1 0]T . Let u =
[
1
2
− 2
]T
and let v =
[
1
2
2
]T
. Then Hiu =
⎡
⎣ 2 14
−4 0
⎤
⎦ and Hiv =
⎡
⎣ 0 14
−4 2
⎤
⎦, so that HiuHiv = B2(−1).
Thus, −I2 is a product of three (or more) J-Householder matrices. 
The proof of Theorem 4 also shows the following.
Proposition 5. B2(−1) is a product of two (or more) J-Householder matrices. If n is a positive integer, and
if Q ∈ M2n+2(C) is symplectic and is similar to I2n  B2(−1), then Q can be written as a product of two
(or more) J-Householder matrices.
Proof. The first assertion has already been shown. For the second assertion, if Q ∈ M2n+2(C) is
symplectic and is similar to I2n  B2(−1), then there exists a symplectic U such that U−1QU =
I2n  B2(−1). Set w = [0Tn 12 0Tn − 2]T and set z = [0Tn 12 0Tn 2]T . One checks that I2n  B2(−1) =
HiwHiz . Lemma 2 (5) guarantees that Q can be written as a product of two (or more) J-Householder
matrices. 
Let n be a positive integer, and let Q ∈ M2n(C) be symplectic. Suppose that Q = HuHv is a product
of two J-Householder matrices. Now, HuHv = I − vvT J − uuT JHv, so that HuHv − I has rank at most 2.
If rank(HuHv − I) = 0, then Q = I.
Suppose that rank(HuHv − I) > 0. Because Q is symplectic, Theorem 24 of [5] guarantees that the
Jordan Canonical Form of Q contains only the following: (i) Bk(λ) ⊕ Bk
(
1
λ
)
for λ ∈ C{−1, 0, 1}
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and any k, (ii) Bk(1)⊕ Bk(1) for any odd k, (iii) Bk(−1)⊕ Bk(−1) for any odd k, (iv) Bk(1) for any even
k, and (v) Bk(−1) for any even k.
If rank(HuHv − I) = 1, then Q is similar to I2n−2 ⊕ B2(1). That is, Q is in fact a J-Householder
matrix.
Suppose that rank(HuHv − I) = 2. If the Jordan Canonical Form of Q contains (i), then we must
have k = 1, that is, Q is similar to I2n−2 ⊕ diag(λ, 1λ ).
If the Jordan Canonical Form of Q contains (ii), then we must have k= 1, otherwise,
rank(Bk(1)⊕Bk(1) − I2k)  4. Similarly, if the Jordan Canonical Form of Q contains (iii), then k = 1.
However,−I2 cannot bewritten as a product of two J-Householdermatrices. Hence, the Jordan Canon-
ical Form of Q does not contain (iii).
If the Jordan Canonical Form of Q contains (iv), then Q is similar to I2n−4 ⊕ B2(1) ⊕ B2(1).
If the Jordan Canonical Form of Q contains (v), then Q is similar to I2n−2 ⊕ B2(−1).
Lemma 6. Let Q ∈ M2n(C) be symplectic. Suppose that Q is a product of at most two J-Householder
matrices. Then Q is similar to one of the following:
1. I2n−2 ⊕ diag(λ, 1λ ), for some λ ∈ C{−1, 0}.
2. I2n−2 ⊕ B2(1).
3. I2n−2 ⊕ B2(−1).
4. I2n−4 ⊕ B2(1) ⊕ B2(1).
Let Q ∈ M2n(C) be symplectic. Suppose that Q is similar to I2n−2 ⊕ diag(λ, 1λ ), for some λ ∈
C{−1, 0}. If λ = 1, then Q = I is a product of two J-Householder matrices. If λ = 1, set u =
[
λ
1
4 λ− 14
]T
and v =
[
λ− 14 λ 14
]T
. Then Hu =
⎡
⎣ 2 −λ
1
2
λ− 12 0
⎤
⎦ and Hiv =
⎡
⎣ 0 λ−
1
2
−λ 12 2
⎤
⎦. Moreover,
HuHiv =
⎡
⎣ λ 2λ−
1
2 − 2λ 12
0 1
λ
⎤
⎦. Now, Q is symplectically similar to I2n−2  HuHiv which is a product of
two J-Householder matrices.
Suppose thatQ is similar to I2n−4 ⊕B2(1)⊕B2(1). For j = 1, 2, we let ej ∈ C4 be the vector whose
jth entry is 1 and all other entries are 0. One checks that Hie1Hie2 = B2(1) B2(1). We conclude that
Q can be written as a product of two J-Householder matrices.
Proposition 7. Let Q ∈ M2n(C) be symplectic. If Q is similar to I2n−2 ⊕ diag(λ, 1λ ), for some λ ∈
C{−1, 0} or if Q is similar to I2n−4 ⊕ B2(1) ⊕ B2(1), then Q can be written as a product of two
J-Householder matrices.
We summarize our results.
Theorem 8. Let Q ∈ M2n(C) be symplectic. Then Q is a product of at most two J-Householder matrices
if and only if Q is similar to one of the following:
1. I2n−2 ⊕ diag(λ, 1λ ), for some λ ∈ C{−1, 0}.
2. I2n−2 ⊕ B2(1).
3. I2n−2 ⊕ B2(−1).
4. I2n−4 ⊕ B2(1) ⊕ B2(1).
LetQ beaTypeAI symplectic operationmatrix. ThenQ is similar to I2n−2⊕diag(c, 1c ),where c = 0.
If c = −1, then Proposition 7 guarantees that Q can be written as a product of two J-Householder
matrices. If c = −1, then Theorem 4 guarantees that Q can be written as a product of three J-House-
holder matrices.
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Let Q be a Type AII symplectic operation matrix. Then Q is similar to I2n−4 ⊕ B2(1) ⊕ B2(1).
Proposition 7 guarantees that Q can be written as a product of two J-Householder matrices.
Let Q be a Type AIII symplectic operation matrix. Then Q is similar to I2n−2 ⊕ −I2. Theorem 4
guarantees that Q can be written as a product of three J-Householder matrices.
Let Q be a Type B symplectic operationmatrix. Then Q is similar to I2n−2 ⊕diag(i,−i). Proposition
7 guarantees that Q can be written as a product of two J-Householder matrices.
LetQ beaTypeC1 symplectic operationmatrix. Ifk−l = n, thenQ is similar to I2n−4⊕B2(1)⊕B2(1).
Proposition 7 guarantees thatQ can bewritten as a product of two J-Householdermatrices. If k− l = n,
then Q is a J-Householder matrix.
Let Q be a Type C2 symplectic operation matrix. Then Q
T is of Type C1.
Corollary 9. Let Q ∈ M2n(C) be a symplectic operation matrix. Then Q can be written as a product of at
most three J-Householder matrices.
Finally, let Q ∈ M2n(C) be symplectic. Then Theorem 7 of [6] guarantees that Q is a product of
elementary symplectic matrices. Hence, Q can be written as a product of J-Householder matrices.
Corollary 10. Let Q ∈ M2n(C) be symplectic. Then Q can be written as a product of J-Householder
matrices.
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